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Complex hysteresis loops

(a) flexible connector for electrical substa-
tions (Filiatrault and Kremmidas 2000)

steel beam-column connection
(Kim et al. 2012)

(b)

unbonded fiber-reinforced elastomeric
bearing (Manzoori and Toopchi-Nezhad
2017)

(d)

rocking timber wall with friction dam-
pers (Hashemi et al. 2020)
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Classification of complex hysteresis loops

Hysteresis loops limited by:

S1) two straight lines

S2) two curves with no inflection point
S3) two curves with one inflection point

S4) two curves with two inflection points

Sla ! S1b ! S1e !

smooth steel steel dampers steel beam-column
reinforcing bars (shear link device) connections
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Classification of complex hysteresis loops

§2.1 ! , | S22 / , | S23 f ,
Hysteresis loops limited by: ‘ ‘ §
S1) two straight lines e —;____/_ - ;_\4 “
S2) two curves with no inflection point -~ - e

S3) two curves with one inflection point

S4) two curves with two inflection points

Story beam

\ 'l;"?';é’v\%'%

]

\'h Ps
'

M Sworybe

wire rope isolators expansion anchors steel dampers
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Classification of complex hysteresis loops

Hysteresis loops limited by:

S1) two straight lines

S2) two curves with no inflection point
S3) two curves with one inflection point

S4) two curves with two inflection points

S3.1a

53.1b

S3.1c

brick masonry

walls

toe-screwed wood
connections

wood shear walls
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Classification of complex hysteresis loops

$3.1d ! 53.2 f e ! 53.3

Hysteresis loops limited by: P‘ i o
S1) two straight lines u —_—<\j u \ u
S2) two curves with no inflection point - -d

S3) two curves with one inflection point

S4) two curves with two inflection points

&
4 R oty
Y/ A N ﬂ* X

SMA helical buckling steel negative stiffness
springs braces devices
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Classification of complex hysteresis loops

7
Sda ! S sa f . Sde ! ’

Hysteresis loops limited by:

S1) two straight lines C / e / u u
S2) two curves with no inflection point 7 i i —t;

S3) two curves with one inflection point ‘ ! ‘

S4) two curves with two inflection points

fiber reinforced reinforced steel-timber hybrid
rubber bearings concrete walls shear walls
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Modeling of complex hysteresis loops

Mechanical Systems and Signal Processing

B Volume 146, 1 January 2021, 106984 i
ELSEVIER —

Review of a generalized class of models

A generalized class of uniaxial rate-independent

models for simulating asymmetric mechanical
hysteresis phenomena

Nicolo Vaiana & &, Salvatore Sessa, Luciano Rosati

Show more

+ Addto Mendeley of Share 9% Cite

https://doi.org/10.1016/j.ymssp.2020.106984 Get rights and content
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Modeling of complex hysteresis loops

f e

Review of a generalized class of models

f  output variable

u  input variable
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Modeling of complex hysteresis loops

f c
Review of a generalized class of models p

c+(u,uj+) u<u*

Cu (u) u > uj+

f(uw™) ={

fluw™) = {C_(”' W) u>u
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Modeling of complex hysteresis loops

. . C
Review of a generalized class of models p

generic loading curve
c, upper limiting curve

¢~ generic unloading curve

c; lower limiting curve
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Modeling of complex hysteresis loops

f e

Review of a generalized class of models

uj+ internal variable (loading phase)

u;~ internal variable (unloading phase)
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Modeling of complex hysteresis loops

f c
Review of a generalized class of models p
fo" model parameter

+

Ug" model parameter

fo  model parameter

Ug~ model parameter
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Modeling of complex hysteresis loops

Mechanical Systems and Signal Processing
Volume 182, 1 January 2023, 109539

Vaiana-Rosati model

ELSEVIER

Classification and unified phenomenological
modeling of complex uniaxial rate-independent
hysteretic responses

Nicold Vaiana A &, Luciano Rosati

Show more

+ Add to Mendeley o Share 93 Cite

https://doi.org/10.1016/j.ymssp.2022.109539 Get rights and content
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Vaiana-Rosati model Cu

c+(u,uj+) u<u*

~ c(w,u;™ u>u- . luy Jj u
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Modeling of complex hysteresis loops

Vaiana-Rosati model Cu

cFlwwt) =L+ ktu+ fF
1 B L e i
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Modeling of complex hysteresis loops

Vaiana-Rosati model Cu.
cw W =F W +ky utfo" /
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Modeling of complex hysteresis loops

Vaiana-Rosati model Cu

+
for@) = piteb v — i .
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Modeling of complex hysteresis loops

Vaiana-Rosati model

1
wt=up+ut+ Fln {+a+[fe+(up)

1 B
+kyTup + foF + Fe-oﬁu* — fP”
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Modeling of complex hysteresis loops

shape type limiting curves subtype obtained for
+ + + +
S1 straight lines - b =P =0 n_=r2 =0
Vaiana-Rosati model b =P =0 no=r =0
s2.1 b >0 f, " >0 no=n =
model parameters B >0, B >0 i =y, =0
+ + + +
. curves with no By >0, B, >0 Yi =Y, =
|0ad|ng phase 52 inflection point §22 By <0, B, <O i =y, =0
+ + +
k™ fo o« $93 B >0 8 >0 r >0y <0
+ + + + + B <0, B, <O vy >0, v, <O
B1 B2 Y1 V2© V3
631 B =8 =0 vo>0 >0
unloading phase B =P =0 yi >0, 7, >0
+ + + +
- - — curves with one B =B, =0 y. >0, 9y, >0
kb fO & 53 inflection point §32 B, =B, =0 v, >0, v, <O
Br B2 v v2 V3 ¢33 B >0, 8, >0 >0y, <0
' B, <0, B, <O i >0, vy, <0
54 curves with two _ ,81+>0, ﬁ2+>0 y1+>0, y2+>0

inflection points By <0, B, <O i >0, 7, >0
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Modeling of complex hysteresis loops

shape type limiting curves subtype obtained for
+ + + +
S1 straight lines - b =P =0 n_=r2 =0
Vaiana-Rosati model b =P =0 no=r: =0
<ot B >0, 8, >0 no=n =
model parameters By >0, B >0 v =y, =0
. + + + *_
conditions to be satisfied 52 curveswithno = 522 b >0 5 >0 n_=r
inflection point B <0, B <0 Yi =v2 =0
+ - + -
at >0 a- >0 fO >f0 c23 B, >0, 8, >0 Y. >0 ¥, <0
' By <0, B, <O yi >0y, <0
P 631 B =8 =0 vo>0 >0
kb ﬁl EZ y+ ]/2+ ]/3+ pr =B, =0 i >0y, >0
— — - = = - curves with one ﬁ1+=ﬁ2+=0 y1+>0, y2+>0
kb ﬁl ﬁZ 14 V2 V3 53 inflection point 532 B =p, =0 vi >0, 7, <0
can be arbitrary real numbers as g0, 8 >0 nso <o
' B, <0, B, <O vi >0y, <0
. + + + +
54 curves with two _ Bi >0, 8 >0 vn >0, vy, >0

inflection points By <0, B, <O i >0, 7, >0
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Modeling of complex hysteresis loops

Sla | S1b Ste

Vaiana-Rosati model

model parameters

force
(=}
force
(=)
‘ i
force
: S
T T

loading phase
R (@ | (b) (c)
ky fO a’t 5, 1 0 1 PR 1 0 1 » % 1 0 1 2
displacement displacement displacement
+ + + + +
B Bz Vi Y2 V3
. kp fo a B1 B2 V1 Y2 V3
unloading phase
(a) + 0.5 2 10 0 0 0 0 0
kpy  fo a” = 0 2 10 0 0 0 0 0
= S - - (b) + 0.5 4 10 0 0 0 0 0
Br B2 v Y2 V3
= 0.5 2 10 0 0 0 0 0
(c) + 0.5 2 2 0 0 0 0 0
= 0.5 2 10 0 0 0 0 0
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Modeling of complex hysteresis loops

8 T T T 8‘I T T T 8 T
52.1 | 522 52.3
. . 4 4 4
Vaiana-Rosati model |
model parameters |
4 4 4
loading phase |
. @ (e) (f
k b fO a b ®, -1 0 1 2 -1 0 1 ) -1 0 1 2
displacement displacement displacement
+ + i i +
p1 B2 Y1 V2 V3
. kp fo a B1 B2 V1 Y2 V3
unloading phase
(d) + 0.5 1 10 0.5 1.2 0 0 0
kpy  fo a” - 0 1 10 0.5 0.8 0 0 0
- - . . . (e) + 0.5 1 10 0.5 1.2 0 0 0
b1 B )4 Y2 V3
— 0 1 10 0.5 0.8 0 0 0
(f) + 0.5 4 10 0.5 1.2 1.5 2 2

= 0 4 10 -0.5 -0.8 1.5 -2 2
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Modeling of complex hysteresis loops

Vaiana-Rosati model

model parameters

loading phase

kb+ f0+ o
Bt BT it vt
unloading phase

kv fo a

Bi B2 v v

S3.1a

S3.1¢

S3b
4 et 4
4+ j 4? 4+
(8) (h) (i)
-8 I L L ) -8l I I -8 I L L
-2 -1 0 1 -2 -1 2 - -1 0 1 2
displacement displacement displacement
+
Y3
kp fo a B B2 V1 Y2 V3
(g) 1F 0.5 1 10 0 0 2 2 0
= 0.5 1 10 0 0 2 2 0
— (h) 1F 0.5 2 10 0 0 0.5 4 0.5
V3
= 0.5 2 10 0 0 0.5 4 -0.5
(i) 1F 0.5 2 10 0 0 0.5 4 0.5
= 0.5 2 10 0 0 0.5 8 =il
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Modeling of complex hysteresis loops

8 T T T ! 8! T T T 8 T T T
S3.1d §S3.2 S3.3
Vaiana-Rosati model |
model parameters =
4 4 14t
loading phase T
. V) I (k) (1)
k b fO a u *, -1 0 1 2 8 -1 0 1 ) -1 0 1 2
displacement displacement displacement
+ + + + +
p1 P2 V1 V2 V3
. kp fo a B1 B2 V1 Y2 V3
unloading phase .
() + 0.5 1 10 0 0 2 40 0
kpy  fo a” - 0.5 1 10 0 0 2 40 0
—~ —~ - - - (k) + 0.5 3.5 10 0 0 1.5 2 0.5
b1 B2 Y Y2 V3
— 0.5 3.5 10 0 0 2 -1 0.5
() T 0.5 05 100 0.5 0.8 4 2 0

= 0.5 0.5 100 -0.5 -0.8 4 -2 0
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Modeling of complex hysteresis loops

8 8 8
S4a | S4b S4c
Vaiana-Rosati model |
model parameters |
4 4 4
loading phase |
s .\ (m) (n) (o)
k b fO at ®, 1 0 1 2 8 B 0 | % 1 0 1 2
displacement displacement displacement
+ + + + +
p1 B2 Y1 V2 V3
. kp fo a B1 B2 V1 Y2 V3
unloading phase
(m) + 0 1 10 0.1 2 1 4 0
kpy  fo a” - 0 1 10  -0.1 2 1 4 0
—~ — - - - (n) + 0 0.5 20  0.001 5 1 8 -0.05
b1 B2 )4 Y2 V3
— 0 0.5 20 -0.001 -5 1 8 0.05
(0) T 0.5 0.5 10 0.1 2 1 40 0
— 0.5 0.5 10 0.1 2 1 40 0
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Modeling of complex hysteresis loops

Vaiana-Rosati model

parameter sensitivity analysis | e
loading phase 3 m
= 0F .
2

+ o+ +
kyp™ fo a

+ + + + + 4 i
B B2 Vi V2 V3 4 — k=05
. +_
unloading phase 8 ‘ . ek, =10
kpy  fo a” 2 -1 0 1 2
B B displacement
Br B2 v V2 V3
ky fo a B B2 V1 V2 V3

+ 0.5 2 2 0 0 0 0 0
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Modeling of complex hysteresis loops

Vaiana-Rosati model

parameter sensitivity analysis
loading phase

ky" foo @

Bt BT it vt s
unloading phase

ky fo a”

Bi B2 v v2 v3T

+

4 L -
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Modeling of complex hysteresis loops

Vaiana-Rosati model

parameter sensitivity analysis
loading phase

k" fot at

Bt BT it vt s
unloading phase

ky fo a”

Bi B2 v v2 v3T

+

4+ ]
0 L -
—a =2
a =10
-2 -1 0 1 2
displacement
a B B2 V1 V2 V3
2 0 0 0 0 0
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Modeling of complex hysteresis loops

Vaiana-Rosati model

parameter sensitivity analysis
loading phase

k" fot at

Bi" BT it vt ovst
unloading phase

ky fo a”

Bi B2 v v2 v3T

0.5

0.5

8 T T
4 L -
8 lllllll
= 0 b .
S
47 —B=1.8=1.00
+ +
B =4, 8, =001
_8 1 I I
-2 -1 0 1 2
displacement
fo a B B2 V1 V2 V3
1 10 1 1 0 0 0

1 10 =l =l 0 0 0
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Modeling of complex hysteresis loops

8 T T
Vaiana-Rosati model
. . . . 47 ]
parameter sensitivity analysis
loading phase g 0 e |
[t
kb+ f0+ o
+ + .+ + + 4 |
Bi1 B2 Vi V2 V3 4 —B=1.00,8, =1
. +_ +_
unloading phase 8 | w7 =001,5 =4
kp fo a ) -1 0 1 2
_ _ displacement
Br B2 v Y2 V3
kp fo a B1 B2 V1 Y2 V3
+ 0.5 1 10 1 1 0 0 0

= 0.5 1 10 -1 -1 0 0 0
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Modeling of complex hysteresis loops

8 T T
Vaiana-Rosati model
. . . . 47 ]
parameter sensitivity analysis
loading phase g ol |
[t
kb+ f0+ o
+ + + + + 4 i
B~ B2 Y1 V2 V3 4 —7, =05
. +_
unloading phase 8 ‘ . sy = 1.0
kp fo a” ) -1 0 1 2
_ _ displacement
Br B2 v V2 V3
ky fo a B B2 V1 Y2 V3
+ 0.5 1.5 10 0 0 0.5 5 0

= 0.5 1.5 10 0 0 0.5 5 0
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Modeling of complex hysteresis loops

Vaiana-Rosati model

parameter sensitivity analysis

loading phase

k,* f,t at

BT BT it v s
unloading phase

kp fo a”

Bi B2 v v2 v3T

0.5

0.5

force

fo

1.5

1.5

4+ i
0 L -
-2 -1 0 1 2
displacement
a B B2 V1 V2 V3
10 0 0 0.5 5 0

10 0 0 0.5 5 0



National Technical University of Athens

Department of Mechanics

Modeling of complex hysteresis loops

8 T T
Vaiana-Rosati model
. . . . 47 ]
parameter sensitivity analysis
loading phase g ol |
[t
kb+ f0+ o
+ + + + + 4 I
B~ B2 Y1 Y2 V3 4 —7, = 0.0
. +_
unloading phase 8 ‘ . ey, =0.5
kp fo a” ) -1 0 1 2
_ _ displacement
Br B2 v V2 V3
ky fo a B B2 V1 Y2 V3
+ 0.5 1.5 10 0 0 0.5 5 0

= 0.5 1.5 10 0 0 0.5 5 0



National Technical University of Athens

Department of Mechanics

Validation of the Vaiana-Rosati model

40x10%2 1 \
Validation against experimental results

20 - 1
steel bar =
(Han et al. 2019) s .
steel damper %
(Zhai et al. 2020) “

220 |
negative stiffness device
(Sarlis et al. 2013) 40 , | |

-0.08  -0.04 0 0.04  0.08

SMA assembly
(Dolce and Cardone 2001)

strain [-]

ky [MPa] fo [MPa] a[-] pi[MPa] B,[-] yi[MPa] vy2[-] y3[-]
+ 15000 950 65 0 0 0 0 0

= -1000 1450 60 0 0 0 0 0
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Validation of the Vaiana-Rosati model

Validation against experimental results

steel bar
(Han et al. 2019)

steel damper
(Zhai et al. 2020)

negative stiffness device
(Sarlis et al. 2013)

SMA assembly
(Dolce and Cardone 2001)

40 T T

[\
(e (=)
T T

force [kN]

t
=
T

-40 I I i
-0.08  -0.04 0 0.04 0.08

displacement [m]

kp [kNm™] fo [kN] a[m™'] By [kN] B [m™'] y1[kN] y; [m™'] y;[m]

0

0

15.5 330 0.14 130 5 -350 -0.034

15.5 330 -0.14 -130 5 -350 0.034
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Validation of the Vaiana-Rosati model

Validation against experimental results

steel bar
(Han et al. 2019)

steel damper
(Zhai et al. 2020)

negative stiffness device
(Sarlis et al. 2013)

SMA assembly
(Dolce and Cardone 2001)

20

—_
(e (=)
T T

force [kN]

—
o

—Experiment

-20

-0.08  -0.04 0 0.04 0.08

displacement [m]

kp [kNm™] fo [kN] a[m™'] By [kN] B [m™'] y1[kN] y; [m™'] y;[m]

12 1

12 1

5000 0.001 100 7.2 -45 -0.0015

5000 -0.002 -100 7.2 -45 0.0015
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Validation of the Vaiana-Rosati model

Validation against experimental results

steel bar
(Han et al. 2019)

steel damper
(Zhai et al. 2020)

negative stiffness device
(Sarlis et al. 2013)

SMA assembly
(Dolce and Cardone 2001)

go X107 |
40 - .
<
o O0r b
2
2
40 - |
—Experiment
..... VRM
-80 I I I
-0.08  -0.04 0 0.04 0.08
displacement [m] x1071

kp [RNm™]  fo [kN] @ [m™'] By [kN] B, [m™'] yy [kN] y, [m™'] y5[m]
20 0.038 1300 0.009 450 0.08 5400  0.00005

20 0.048 1300 -0.009 -450 0.08 5400 -0.0001
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Validation of the Vaiana-Rosati model

10 [ [ .
Validation against numerical results
5 L -
SDOF hysteretic mechanical system _
)
mii + f = p(t) g Of |
£
Ni-Ti SMA helical spring 5 .
(Zhuang et al. 2016) —Experiment
" ‘ = CTM
Charalampakis and Tsiatas Model (CTM) -0.06 -0.03 0 0.03  0.06
(Charalampakis and Tsiatas 2018) displacement [m]

differential model ky [Nm™] ky [RNm™Y] F[kN] n[=] a; [m™] ay[m] by[~] by[m] bs[m™]

580 0 4.2 1.45 0 0 0.395 0.0173 450
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Validation of the Vaiana-Rosati model

10 T T T
Validation against numerical results
5 L _
SDOF hysteretic mechanical system —
Z
i
mii + f = p(t) 3 or |
(e
Ni-Ti SMA helical spring 5 1
(Zhuang et al. 2016) —Experiment
10 | R VRM
Vaiana and Rosati Model (VRM) -0.06 -0.03 0 0.03  0.06
(Vaiana and Rosati 2023) displacement [m]
, kp [kRNm™] fo [kN] a[m™'] B [kN] B, [m™"] y; [kN] y,[m™'] y5[m]
exponentlal mOdel + 170 0.9 265 0 0 0.65 500 0.002

= 170 0.9 265 0 0 0.65 500 -0.002
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Validation of the Vaiana-Rosati model

50 ,
Validation against numerical results
25+ .
SDOF hysteretic mechanical system _
)
mii + f = p(t) 5
L
applied external random force 25}

4 6 8 10
time [s]

(e
\9)
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Validation of the Vaiana-Rosati model

0.1 1 I
—CTM
Validation against numericalresults ~ evesyy | | VRM
E 0.05 _ 0.5 :
SDOF hysteretic mechanical system = T@
E o z 0
mil + f = p(?)
$.0.05 " 05
NLTHAs results
-0.1 -1 ! 1 I I
0 2 4 6 8 10
time [s]
tct [s] tctp
VRM tctp [%] VRM et 100 CT™M 44.32
c 0| = — : -
. CTM tct

VRM 0.54 1.21%
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Validation of the Vaiana-Rosati model

Validation against numerical results
SDOF hysteretic mechanical system
mii + f = p(t)

NLTHAS results

VRM tct

VRM tctp [%] = m 1

50

-—CTM
—VRM
(\Il'_| 25
[72]
£
=)
.g 0
=
(&)
©
Q
2-25

force [kN]

CTM
VRM

tct [s]
44.32
0.54

-10
-0.06

10

()
T

-0.03 0 0.03
displacement [m]

tctp

1.21%

0.06
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Reformulation of the Vaiana-Rosati model

Analytical reformulation (VRM+A) Advantages

A generic hysteresis loop is described by only two curves
No internal variables need to be evaluated

Closed form expressions can be faster implemented
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Reformulation of the Vaiana-Rosati model

Analytical reformulation (VRM+A)

fraue fo) = f' @) +kp ut+f
- (fe+(up) +kpup + o — fp) f+/ =
X e_a+(u_uP) -"‘L-\\/ '

a,
.
.
L
i
-
,
a,

.
*,
‘e
.
e

generalized force
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Reformulation of the Vaiana-Rosati model

Analytical reformulation (VRM+A)

fraue fo) = f' @) +kp ut+f
- (fe+(up) +kpup + o — fp) f+/ =
X e_a+(u_uP) -"‘L-\\/ '

+ + Bt + ey
for@=p et —p* T

4 )/1+ _ 2 + ]
1+ e—V2+(u—Y3+) V1

generalized force
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Reformulation of the Vaiana-Rosati model

Analytical reformulation (VRM+A)

fTup, fp) =fo W +ky, u—fy
— (e (up) + ko up = fo” = fp) - / .
8 €+a_(u_up) L-\\/ '

a,
.
.
L
i
-
]
.
.
]
L]
L]
]
.
.
.
]
v,
o,

generalized force



National Technical University of Athens

Department of Mechanics

Reformulation of the Vaiana-Rosati model

Analytical reformulation (VRM+A)

fTup, fp) =fo W +ky, u—fy
— (e (up) + ko up = fo” = fp) - / .
8 €+a_(u_up) L-\\/ '

foo ) =By efr M =By~

4y~
1+ e V2 (u-v37)

a,
.
.
L
i
-
]
.
.
]
L]
L]
]
.
.
.
]
v,
o,

— 2]/1_ C

generalized force
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Reformulation of the Vaiana-Rosati model

Analytical reformulation (VRM+A)

frwup, fp) = fof (W) + ky u+ fo"
- (fe+(up) +kpTup + fo — fp)

X e —at(u—up)

fTwup, fp) =fo W)tk u—fo
— (fe (up) +kp up — fo — fp)

X e +a~ (u—up)

generalized force
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Reformulation of the Vaiana-Rosati model

Analytical reformulation (VRM+A) . 7
— ]
ke (wup, fp) = k" () + kp™* L‘\\/
+(fo " up) + kp up + fo " = fp)
% a+e—a+(u—up)
ki —_—
u

generalized tangent stiffness
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Reformulation of the Vaiana-Rosati model

Ky

Analytical reformulation (VRM+A) 7
ket (uup, fp) = ke T (W) + k™ \/ .....

+ (fe+(up) +kpTup + fo — fP)

% a+e—a+(u—up)

+ k;_ —\
ke (u) = By By efe T
471ty tere ()

[1 + e—)/2+(u_)/3+)]2

generalized tangent stiffness
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Reformulation of the Vaiana-Rosati model

Ky
Analytical reformulation (VRM+A) 7 N
ke Gt up, fo) = ke~ (u) + Ky T
—(fe (p) +kp up—foo — fp) ki
X a—e+a_(u—up)
A‘; o ”

generalized tangent stiffness
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Reformulation of the Vaiana-Rosati model

Ky
Analytical reformulation (VRM+A) 7 N
ke Gt up, fo) = ke~ (u) + Ky T
—(fe (p) +kp up—foo — fp) ki

X a—e+a_(u—up)

ke™(w) = By By P2 ¥ |

4 yl_yz_e_yz_(u_y3_)
[1+ e~ 72" (w-v37)]2

generalized tangent stiffness
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Reformulation of the Vaiana-Rosati model

Analytical reformulation (VRM+A)

W (ug, up, up, fp) = W (g, uy)
als Wb+(ui,uf)
+ W (w, uy)
+ Wa ™ (wi, up, up, fp)

generalized work
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Reformulation of the Vaiana-Rosati model

Analytical reformulation (VRM+A)

W‘(ui,uf,up,fp) = Wa_(ui,uf)
+ Wb_(ul-,uf)
+ W, _(ui,uf)
+ Wd_(Ui,Uf,uP,fp)

generalized work
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Reformulation of the Vaiana-Rosati model

1 Initial settings

1.1 Set the model parameters

Analytical rEformU|ati0n (VRM+A) kb+l f0+! a+! Bl+l B2+! Y1+! y2+! )/3+ and kb_! fO_! 0!_, ﬁl_' ﬁZ_! yl_! yZ_! )/3_
1.2 Define initial values of generalized force, tangent stiffness, and work
implementation algorithm Fico, (koo Weeo

2 Calculations at each time step
2.1 Update the model parameters
ky =kp" (kp), fo=for (fo ) a=a* (@), Bi=PB" B Ba=B" (B),
i=vi" 1) v2=v2" 27), v3=v3" (¥37),if s, > 0 (s, < 0)

2.2 Evaluate the generalized force at time t

4y,

— Baut-at — =
(f)t-at = BreP2te-tt — By + 1 + e~ V2(We-at—v3)

2y,

_
1+ e~ v2(ue—v3)

(f)e = BrePze — B, + 2y,

fe=(f)e + kpue + 5¢ fo — [(F)e—ne + ki te—ne + S¢ fo — froaele 5@ Meve-20)
2.3 Compute the generalized tangent stiffness at time t

2.4 Calculate the generalized work at time t
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Reformulation of the Vaiana-Rosati model

Differential reformulation (VRM+D) Advantages

Adoption in nonlinear dynamics (state space formulation)

Extension to multiaxial cases
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Reformulation of the Vaiana-Rosati model

Differential reformulation (VRM+D)

fr= ket + k" /
+at(fo "W+ Tu+ fo" = )] v :

a,
.
.
L
i
-
,
a,

.
*,
‘e
.
e

generalized force
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Reformulation of the Vaiana-Rosati model

Differential reformulation (VRM+D) Cu

frele @tk ]
—a ("W + kyTu— foo — ] f+/ -

a,
.
.
L
i
-
]
.
.
]
L]
L]
]
.
.
.
]
v,
o,

generalized force



National Technical University of Athens

Department of Mechanics

Reformulation of the Vaiana-Rosati model

ki
Differential reformulation (VRM+D) i
ke =k, (w) + k" \/
+at (£ @) +kptu+ fot — FF) |
u

generalized tangent stiffness
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Reformulation of the Vaiana-Rosati model

k
Differential reformulation (VRM+D) ! - t
ke = kg™ (w) + Ky T
—a (fe W +ky u—fo —f7) “ ki
A‘; e u

generalized tangent stiffness
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Reformulation of the Vaiana-Rosati model

Differential reformulation (VRM+D)

Wt =Ff*tu

generalized work
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Reformulation of the Vaiana-Rosati model

Differential reformulation (VRM+D)

generalized work
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Reformulation of the Vaiana-Rosati model

1 Initial settings

1.1 Set the model parameters

Differential reformulation (VRM+D) kp" ol et B B it v2 vt and kL fo T By BT e YT
1.2 Define initial values of generalized force, tangent stiffness, and work
implementation algorithm Freo s (e emo  Wimo

2 Calculations at each time step
2.1 Update the model parameters
ky = kb+ kp ), fo= f0+ (fo ), a= a* (a7), B = ﬁ1+ (B, B2 = ,BzJr B27),
i=vi" i) v2=v2" 27) v3 =v3" (¥37),if s, > 0 (s, < 0)
2.2 Evaluate the generalized force at time t by using a numerical method

4y1yze_y2(ut_y3)
(ke)e = ByBoeP2¥e +

[1+ e 72(we-v3)]2

M
1+ e~ V2(ue=v3)

(f)e = BrePzve — B, + 2y1

fi = [(ke)t +kp + sca ((fe)t + kp up + 5¢ fo — ft)] Up
2.3 Compute the generalized tangent stiffness at time t

2.4 Calculate the generalized work at time t by using a numerical method
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Reformulation of the Vaiana-Rosati model

10?
VRM+A versus VRM+D S [vRmra ‘ ! * Vrea |
_ VRM+D
E |
System S1 B Z _
z 2 z
3 £ =2
5 g E
mil+ f = p(t) = z 2
4 ¢ 2 1h
8
-8 I I I ) I I I 0 I I
-0.2 -0.1 0 0.1 0.2 -0.2 -0.1 0 0.1 0.2 -0.2 -0.1 0 0.1 0.2
displacement [m] displacement [m] displacement [m]

ky INm™]  fo[N]  a[m™] B INl  B[m™] y N  yp[m™'] ys[m]
+ 20 2.8 40 0 0 0 0 0

= 0 2.8 60 0 0 0 0 0
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Reformulation of the Vaiana-Rosati model

VRM+A versus VRM+D

System S2

mii + f = p(t)

-8 I I I
-0.2 -0.1 0 0.1 0.2
displacement [m]

ky [Nm™']  f5 [N]
+ 4 2
= -15 2

6 X107
VRM+A
VRM+D
g 40
z 4
2 b,d
£ |
= ce a
[o)
X
ﬁ
2 I I L
-0.2 -0.1 0 0.1 0.2
displacement [m]
—1 —1
a [m™] By [N] Bz [m™]
40 0.5 15
55 -1 -8

VRM+D

work [Nm]
[\S}

T
VRM+A

¥1 [N]

-0.2 -0.1 0 0.1 0.2

displacement [m]

2 [m™]  y3[m]
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Reformulation of the Vaiana-Rosati model

10?
VRM+A versus VRM+D 8 VRM+A ! ! 6 VRMHA | VRM+A
VRM+D . |vrmep VRM+D
§ 4+ 3
System S3 £ =
mil + f = p(t) :
2or 1-

-8 I I I ) I I I 0 I I
-0.2 -0.1 0 0.1 0.2 -0.2 -0.1 0 0.1 0.2 -0.2 -0.1 0 0.1 0.2
displacement [m] displacement [m] displacement [m]

ky INm™]  fo[N]  a[m™] B INl  B[m™] y N  yp[m™'] ys[m]
+ 0 2.7 60 0 0 1 40 0.04

= 4 3 40 0 0 0.8 60 -0.10
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Reformulation of the Vaiana-Rosati model

10?
VRM+A versus VRM+D S [vRmra ‘ ! * Vrea |
__ VRM+D VRM+D
System S4 _ = -
z 4 z
mil+ f = p(t) = z 2
ES 1h
8
-8 < I L I ) L L L 0 I I
-0.2 -0.1 0 0.1 0.2 -0.2 -0.1 0 0.1 0.2 -0.2 -0.1 0 0.1 0.2
displacement [m] displacement [m] displacement [m]

ky INm™]  fo[N]  a[m™] B INl  B[m™] y N  yp[m™'] ys[m]
+ 0 1.2 80 0.01 35 2 80 0.006
- 0 1.2 80 -0.01 35 2 80 -0.006
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Reformulation of the Vaiana-Rosati model

VRM+A versus VRM+D 120 A — 120 ——— 120

Applied external forces

force [N]
force [N]
force [N]

mii + f = p(t)

-120 : : ‘ : -120 : : : : -120
0

time [s] time [s] time [s]

harmonic force with harmonic force with random
constant amplitude increasing amplitude force
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Reformulation of the Vaiana-Rosati model

VRM+A versus VRM+D

N 8¢
System S1 \ \

Z g

CEM-VRM+A Lt

d s Gl 04
mu —I— f = (t) 010' | /"/'1()/,40 i [m/s] . 01 0' /"’:/6_40 1 [m/s]

p u [m] o -0'2‘ 06 u [m] o '0‘21 B
RKM-VRM+D
.7.6'1 = Xy
X, = m_l(p(t) — X3) harmonic forcg with 'harmor'wic force'with random
constant amplitude increasing amplitude force

x5 = ke (1) + kyp +sign(xy)a X
(fe (x1) + kpxs + Sign(xz)fo—x3)] X3
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Reformulation of the Vaiana-Rosati model

VRM+A versus VRM+D
8 -& 8 -«
System S2 \ \
Z 0- Z 0+
CEM-VRM+A o o T2 =) . .,
s 04 3 L7 04 s Pz .04
.. o 0.2 01» <0 alm/sl %2 01' ;,»*'/‘ f i fmig %2 01' | i i [m/s
e f B p(t) u [1?1] o1 a2 0 e u [1?1] o1 a2 o8 e u [1?1] o 02708 e
RKM-VRM+D
X1 = X3
X, = m~1 (p(t) — X3) harmonic force with harmonic force with random
constant amplitude increasing amplitude force

x5 = ke (1) + kyp +sign(xy)a X
(fe (x1) + kpxs + Sign(xz)fo—x3)] X3
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Reformulation of the Vaiana-Rosati model

VRM+A versus VRM+D
8 -& I3 g« y
System S3 . ) \
Z 0 - Z 0 Z 0-
“~ “~ ~
CEM-VRM+A . — o & 4 i
-84 L~ 04 84 7 04 8 2 o4
e f - P (t) u [1?1] o1 a2 0 e u [1?1] o1 a2 o8 e u [1?1] o 02708 e
RKM-VRM+D
X1 = X3
X, = m~1 (p(t) — X3) harmonic force with harmonic force with random
constant amplitude increasing amplitude force

x5 = ke (1) + kyp +sign(xy)a X
(fe (x1) + kpxs + Sign(xz)fo—x3)] X3
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Reformulation of the Vaiana-Rosati model

VRM+A versus VRM+D

W/ 8,
System 5S4 \

Z .

CEM-VRM+A e

e P Y 04
mu —I— f = (t) 01 (T\ ,,»*'/(;,40 i [m/s] 02 010' /(;,40 i [m/s]

p u [m] o '0'2‘ ik u [m] o '0'2‘0'8
RKM-VRM+D
X1 = X3
X, = m_l(p(t) — X3) harmonic forcg with 'harmor'wic force'with random
constant amplitude increasing amplitude force

x5 = ke (1) + kyp +sign(xy)a X
(fe (x1) + kpxs + Sign(xz)fo—x3)] X3
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